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Abstract 

This is an exposition in order to give an explicit way to understand 
(1) a non-topological proof for an existence of a base of an affine root 
system, (2) a Serre-type definition of an elliptic Lie algebra with rank > 2, 
and (3) the isotropic root multiplicities obtained from a viewpoint of the 
Saito- marking lines. 



1 Introduction 

^ [ In 1985, K. Saito [16] introduced the notion of an n-extended affine root system. 

ly-^ \ If n = (respectively, n = 1), it is an irreducible finite root system (respectively, 

0> ■ an affine root system). In [16j, he also intensively studied 2-extended affine root 

systems, which are now called elliptic root systems (see [17]). Since then, various 
attempts have been made to construct Lie algebras whose non-isotropic roots 
Q\ \ form those root systems. Among them are toroidal Lie algebras [15], extended 

affine Lie algebras [1], and toral type extended affine Lie algebras [15], [21]. See 
[T8| Introduction] for the history. 
^ ■ In 2000, K. Saito and D. Yoshii [18j constructed certain Lie algebras by using 

the Borcherds lattice vertex algebras, called them simply-laced elliptic Lie alge- 
bras and showed that they are isomorphic to ADi^-type (2-variable) toroidal Lie 
algebras of rank > 2. They also gave two other definitions for their Lie algebras. 
One uses generators and relations. The other uses (affine-type) Heisenberg Lie 
algebras; this was generalized by D. Yoshii [20j in order to define Lie algebras 
associated with the reduced elliptic root systems, and he called them elliptic Lie 
algebras. In 2004, the second author [19] gave defining relations of the elliptic Lie 
algebras of rank > 2. 

The aim of this paper is to give an exposition in order to give an explicit way 
to understand (1) a non-topological proof for the existence of a base of an affine 
root system (Theorem 13. H originally given in [13j), (2) a Serre-type definition of 
an elliptic Lie algebra g with rank > 2 (Definition 15. 11 originally given in [TH]) and 
the fact that the non-isotropic roots form the corresponding elliptic root system 
and their multiplicities are one (Theorem 15.11 originally given in [19]), and (3) 
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a list of the multiplicities of the isotropic roots of g, proved from a viewpoint of 
the Saito- marking lines (Theorem 16. new result). 

As for (2), we point out that our defining relations are closely related to 
defining relations, called Drinfeld realization, of the quantum affine algebras due 
to V.G. Drinfeld |i7i Theorems 3 and 4]. Recently the same authors have written 
a paper |5], motivated by |22], giving a finite number of defining relations of the 
universal coverings of some Lie tori. 

We hope that the material presented here regarding affine root systems, in 
particular the existence of a base, would give another point of view to readers 
interested in the subject, specially to those reading the book [Tl] by I.G. Mac- 
Donald. (Incidentally, in order to read [H], we also hope that the paper [8] would 
also be helpful in being familiar with Coxeter groups, especially the Matsumoto 
theorem.) 

2 Preliminary 

In this section, we mention elemental properties of (Saito's) extended affine root 
systems, especially (12. 5p . 

2.1 Basic notation and terminology 

As usual, we let Z denote the ring of integers, N the set of positive integers, M 
the field of real numbers, and C the field of complex numbers. For a set S, let IS"! 
denote the cardinal number of S. If S* is a subset of M, we let := {s E S\s 0}, 
S+ := {s e S\s > 0}, and := {s G S\s < 0}. 

For a unital subring X of C, an X-module M, a subset Y of X, subsets S 
and S' ofM,x e X and m e M, we let 5" + 5" := {m + m' e M|m e S,m' e S'}, 

m + S := {m} + S, YS := {yiSi H h yrSr\r G N, G F, G S (1 < i < r)}, 

Ym := Y{m}, xS := {x}S and -S := (-l)S; we understand 5 + = 0, 05 = 
and F0 = 0. 

Throughout this paper, for any F-linear space V with a symmetric bilinear 
form ( , ) : V X V ^ F, where F is R or C, we set V° := {v G V\{v, v) = 0} and 

V := V \ V°; for each v e V , we set v"^ := ^ and define G GL(V) by 
Sv{z) = z — {v'^,z)v {z G V); for any non-empty subset S of V^, we denote by 
Ws the subgroup of GL(V) generated by {■s^,|f G S}, i.e., 

(2.1) Ws := {s,\v G S), 

and moreover, let Ws ■ S' := {w{z') G V\w G Ws, z' G 5"}, Ws ■ z := Ws ■ {z} for 
a subset S' of V and z G V, and say that a subset 5* of is connected if there 
exists no non-empty proper subset 5" of 5* with (S", S \ S') = {0}. For a subset 

V of V, let (V')° := V n V°, and {V'Y := V H V^. We call an element of V° 
isotropic. 
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In this paper, we always let 



(2.2) 



vr : V ^ V/V 



lO 



denote the canonical map. 

2.2 Extended affine root systems 

Definition 2.1. Let / G N and n G Z+. Let V be an (/ + n)-dimensional M-linear 
space. Recall V° and from Subsection 12. II Assume that there exists a positive 
semi-definite symmetric bilinear form ( , ) : V x V — M such that dimR V° = n. 
Let i? be a subset of V. Then R (or more precisely, (i?, V)) is an (n-) extended 
affine root system if R satisfies the following axioms: 

(AXl) i? C V^, V = Ki?. 

(AX2) TjR is free as a Z- module, and rank^Zi? = n + l{= dim^ V). 
(AX3) (a^,/3) G Z for a, /5 G R. 
(AX4) Sa{R) = R for all a e R. 
(AX5) R is connected. 

(see [Ml (1.2) Definition 1 and (1.3) Note 2 iii)] and see p] for an equivalence to 
P Definition 2.1].) Let W = Wr (see (O)). 

Let R be as in Definition 12. 1[ It is well-known that for all a E R, 



We call R reduced (resp. non-reduced) if i? fl 2R = (resp. R fl 2R ^ 0). 

We say that two extended affine root systems (i?, V) and (i?', V) are isomor- 
phic if there exist an M-linear bijective map / : V ^ V and c G M with c > 
such that /(-R) = R' and (/(f), f{w)) = c{v,w) for t>, w G V. 



Let i?, / and n be as above. 

By [ni Theorem 5 of Chapter XV], since ZR/{ZRf is torsion free, (AXl-5) 
imply that there exists an M-basis {xi, . . . , x;+„} of V such that . . . , 

is an R-basis of V°, {a;i, . . . , is a Z-basis of the (torsion) free Z-module 

Zi? and . . . ,Xi+„} is a Z-basis of the (torsion) free Z-module (Zi?)° (see 

Subsection 12. II for notation), that is. 



(2.3) 



R n Ma = {a, —a}, {a, 2a, —a, —2a} or {a, |a, —a, — |a}, 
(so -R = R). 



(2.4) 



We call this / a rooi system isomomorphism. 



(2.5) 




= 77,. 
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Let {ai, . . . , an} be a Z-basis of (Zi?)*^. Then there exist xi, . . . ,xi G Zi? such 
that {xi, . . . , X;, Oi, . . . , a„} is a Z-basis of Zi? as well as an M-basis of V = R-R 
(see above). Let 1 < m < n. Let tt' : V ^ V/ (Mam © ■ ■ ■ © Kon) be the canonical 
map. Note that {7i'{xi), . . . , n'^xi), 7r'(ai), . . . , 7r'(am_i)} is an X-basis of Xn'^R) 
for X G {Z, M}. In particular, we see that 

if . . . , yi+m-i are elements of Zi? such that 

(2.6) {7r'(?/i), . . . , 7r'(?/;_,.m_i)} is a Z-base of the free Z-module Zn'^R), 
then {yi, . . . , yi+m-i, dm, • • • , On} is an X-basis of XR for X G {Z, R}. 

(2.7) We call / the rank of R. We call n the nullity of i?. 

If n = 0, then R is an irreducible finite root system (see [T6l (1.3) Example 1 i)]). 
If n = 1, then R is an affine root system (see p!6l (1.3) Example 1 ii)]), see also 
Remark 12.11 below. If n = 2, then R is an elliptic root system (see fi6\ (1.3) 
Example 1 iii)], [T7] and [T8]). 

Remark 2.1. Assume = 1. Here we give a sketch of a proof of an equivalence 
between affine root systems in the senses of [13], [TU §1.2] and [16j (i.e. our 
Definition 12. ip . Let F and E be as in [Hi §1.2]. Let 5* be a subset of F, and 
assume S is an irreducible affine root system in the sense of [14i §1.2]. Identify 
V with F, that is, we regard V as an / + 1-dimensional R-linear space of affine- 
linear functions f : E ^ R. Clearly S satisfies (AXl) and (AX3-5). Let XeV. 
Let /i G be such that c/i G A + V° for some c G M^. Then A — c/i is a 
constant function on E, that is, (A — cfi){E) = {dx-ctj,} for some dx-cfj. G R- 
We have s^s\{x) = x — (A^,x)(A — c/x) for x G V. Further, for e G -E, we 

'2(1 

have s^s\ ■ e = e + -j^^DX, see [HI §1.1] for DX. Then by using an argument 
similar to [161 (1-16) Assertion 1], we can see that S satisfies (AX2). Let R be 
as in Definition 12.11 Let T be the subgroup of W generated by {saSa' | a, a' G 
R, R^7r(a) = R^7r(a')}. Then T is a normal abelian subgroup, and W/T can be 
identified with the finite Weyl group W^(r) (cf. [IHl (1.3) Note 2 ii)]). Then R 
satisfies (AR 4) of [H §1-2]. 

2.3 Base of an irreducible finite or affine root system 

Assume that n G {0, 1} (cf. (12. 7p ). We call a subset II of i? formed by (Z + n)- 
linearly independent elements a base if 

(2.8) i?= (/2nz+n) u (i?nz„n). 

(For n = 0, see [9l Theorem 10.1]. For n = 1, see Theorem 13.11 in this paper (cf. 
MacDonald [El (4.6)] (see also [IS (3.3) i)-ni)])). If H is a base of R, then, for 
X G {Z,M}, we have 

(2.9) n is an X-basis of Xi?, that is, Xi? = Xa. 
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Assume that n = 1. Let 11 = {ao,ai, . . . ,ai} be a base of R; we always 
assume ao is such that {7r(ai), . . . , 7r(a;)} is a base of vr(_R) (see Theorem 13. ip . 
Let S{U) e Zn be such that 

(2.10) 5(n) e Nn and {6{U)} is a Z-basis of (Zi?)°, that is, Z6{U) = (Zi?)°. 
5(n) is unique by (EH]). By (EE]), for X G {Z, M}, we have 

n 

(2.11) {«!,..., ai, 6{U)} is a X-basis of XR, that is, Xi? = (0 Xa^) © X5(n). 

1=1 

The following lemma is well-known, e.g., see [91 Theorem 10.3, Lemmas 10.4 C,D, 
§12 Excercises 3]. 

Lemma 2.1. Assume that n = (cf. ([22D). Let U be a base of R (cf. (IZSll ). 
Then we have the following: 

(1) Wu = W and W ■ U = R \ 2R. (see (O) for Wn and see Definition^ 
forW = Wr). 

{2)W-a = {Pe R\{a,a) = {P,P)} for each a E R. 

(3) For each a E R, there exists a unique a+ E W ■ a such that W ■ a G 
a+ + Z_U. 

(4) Let r = \{{a,a)\a E R}\. Then 1 < r < 3. Moreover, if r = 3, then 
Rn2R= {f3 E R\{/3,/3)> {a, a) for all a E R}. 

Proof of {3). Let LI = {ai, Then q;+ is the element Yl\=i ^i^^i & W-a 
{mi E Z) for which Yli=i maximal. Let w E Wu and let w = ■ ■ ■ be 
a reduced expression, that is, r is as small as possible. By P, Corollary 10.2 C], 
we have w.a^ = a+ — J2)=ii^) ^ C(+)sai ■ ■ ■ ^^^.^(aj) G a+ + Z_n. □ 



For R and LI of Lemma 12.11 we let 

(2.12) e{R, n) := {a+ E R\a E R}. 
By checking directly (and using [9, §12 Table 2]), we have 

(2.13) (/i, I/) > for /i, 1/ e e{R, n). 

2.4 Notation S'sh, S\g, Sex 

Let R be an (n-)extended affine root system (see Definition 12.11) . Define the 
subsets -Rsh, -Rig and -Rex of R by 

i?sh ■.= {aER\ (a, a) < (/3, p) for all p E R}, 
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Re^:= Rn 7r-i(27r(i?sh)) and Ri^ := R\ (i?sh U Re^) (see (Q for tt). Then we 
have 

(2.14) = i?sh U Rig U i?cx (disjoint union). 
For a subset 5 of R, let 

(2.15) 5'sh := 5' n Rsh, Slg ■.= 3 i?lg, Sex -=8(1 i?ex- 

3 A non-topological proof for the existence of a 
base of an affine root system 

In this section we assume R is an affine root system, that is, we assume n = 1 
(see (EZD). 

3.1 The existence of a base of an afiine root system 

The following theorem seems to be well-known (see [I3]), but we state and prove 
it for later use. The proof in [13] uses topological terminology. Our proof seems 
to be the ffist one without using topology. Besides we need a technically written 
statement of the following theorem for application. 

Theorem 3.1. (c/. [13J) Let 5' G V° \ {0} be such that Z6' = {ZRf {cf. (ESD). 
Let U' = {ai, . . . ,ai} be a subset of R with = I such that 7r(n') is a base 
of the irreducible finite root system {tt{R),V/M.6') {cf. (12.81) and (12. 2p ). {So 
ZjR = TLb' © Zn' {cf. ( 12. 6p ).) Then there exists a unique 

(3.1) ao = ao{R,U',5') e R 

such that {ao} U U' is a base of R and ao G N5' © ZII'. Moreover ao = S' — 
e for some 6 G NH' with 7r(0) G 0(7r(i?), 7r(n')) (see (I212D ). In particular, 
[(a^, aj)]o<ij<i is a generalized Cartan matrix of affine-type in the sense of flU, 
^4-3 and Proposition L'urther, letting Hi = {cto} U 11', for any base II2 of R 
we have II2 = ew{Ili) for some e G {1, —1} and w G Wn^. In particular, 

(3.2) R\2R = Wn,- Hi and W = Wn,. 

Proof. {Strategy. We use a linear map / : V ^ M (i.e., / G V*) such that 
f{ai) = 1 (1 < ^ < /) and f{6') is sufficiently large (see ([M])). Let W be the 
subset of R formed by the elements (3 E R satisfying the condition that f{P) > 
and (3 is not expressed as the summation of more than one elements (3' of R with 
/(/?') > (see (13. 8p ). We show that H'^ is a base of R satisfying the properties of 
the statement. It is easy to see that 11' C 11^ and R = {RnZ+Uf) U {RnZ^U^)). 
We show |n^| = / + 1 by using fl27[3D .) 
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We proceed with the proof of the theorem in the following steps. 
Step 1 {Definition of f). Notice that for X G {Z, R}, 

(3.3) XR = X6' © {®U^Xai) 

(see (12.61) ). We may assume that (aj,Q;j) < (aj+i,aj+i) for 1 < i < / — 1. Also 
since vr(n') is a base of 7r{R), if / > 2, we may assume ai is such that there exists 
a unique j E {2, . . . ,1} such that (ai, aj) ^ 0. Let 

( Wn' ■ (n'U {2ai}) if / = 1, 

(3.4) R' := I VTn' ■ (n'U {2ai}) if / > 2 and 2(ai, ai) = (as, «2), 

[ Wu' ■ n' otherwise. 

Using P, Theorem 10.3 (c) (and §12 Exercise 3)], we can see that Ww ■ H' and 
R' are irreducible finite root systems with the base 11'. If 7r(i?) is reduced, then 
n{R) = 7i(Wu' ■ n'). If n{R) is not reduced, then n{R) = 7r(i?'). In particular, 
we have 

(3.5) RcR' + Z6'. 

(see also (13.31) ). 

Define / G V* by 

(3.6) f{ai) = 1 (1 < z < /) and f{6') = 3M, 

where M := max{|/(7)||7 G R'} (notice |-R'| < oo). It follows from (13.51) that 
f{(3) ^OfoT peR. 

Step 2 {Definition ofW). Let := {/3 G R\f{f3) > 0}. By dSS]), we have 

(3.7) = Rn {{R' n z+n') U {U^^^{m6' + R'))). 

Let II'^ be a subset of R formed by the elements f3 G R-^'^ satisfying the condition 
that there exist no Pi, . . . , jSr G R^'~^ with r > 2 such that j3 = Pi + ■ ■ ■ + Pr] 
namely, 

oo r 

(3.8) Uf := Rf'^ \ {\J{Y,Pm e R^^"-}). 

r=2 i=l 

By (13.71) . we have 

(3.9) n' C n^. 
Notice Zn' ^ IR (by (Q)- Then we have 

(3.10) zn^ = zi?, R = {Rn z+n^) u (i? n z_n-^) and |n-^| > |n'| + 1. 
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(As mentioned in our strategy, we show that is a base of R.) 

Step 3 {If f3 G nVn', then we haveTT{(3) E Q{n{R),Tr{U')) (/or 9 (7r(i?), 7r(n')), 
see (I2l2]))). Let p e W /W (see also fra- fl3Jnl) ). We show that (3 is expressed 
as 

(3.11) f3 = m6'-e 
for some m G N and some 6 with 

(3.12) eee{R',u') 

(see i n:m for e{R',U')). By (ETD, since W C we have 

(3.13) p = m5' + fx 

for some m G N and /i G i?'. Let 6 G &{R', H') fl PVn' ■ where we recall from 
Lemma 0(2)- (3) that \Q{R' ,U') nWn' ■ fi\ = 1. Notice {fi, -fi,e, -6} C Ww ■ 
(cf. Lemma 12.11 (2)). Then 1716' — 6 E R since m6' — 6 E m6' + Wu' ■ /i = 
Wn'-{mS'+i^) = Wn'-P C R. By Lemma[2ll](3), we have O+fi = ^-(-yu) G Z+H'. 
Since m5' - ^ G (cf. (ET])), /5 = (m(5' - ^) + (^ + /i) and /3 E W , we have 
6' + /i = and (13. lip , as desired. 
Step A (|n^| = / + l). We show 

(3.14) |n-^ \n'| = 1, i.e., |n^| = / + 1 

(see also (l3:9D-( l310l) ). 

Assume |n-^ \ n'| > 1. Let Pi, P2 ^ \ H' and assume /3i 7^ ^2- Assume 
{Pi,Pi) < {p2,p2)- Then, by fl27[3|) and (l3TT]) - (l3A2D . we see that 



1 if7r(A)^7r(/52), 

2 if7r(/3i) = 7r(/52). 



Assume (/?2 > A) = 1- Then, since ±(/5i — /32) = 'S/32(±/3i) G -R, we have Pi — P2 G 
_R-^'+ or /?2 — A € -R-^'"*". This contradicts the fact Pi, P2 E since Pi = 
P2 + {Pi - P2) and p2 = Pi + {P2 - Pi). Assume {p^ , Pi) = 2, so iripi) = 7i{P2). 
By fIBTTTD . there exist ni, ns G N and ^ G <d{R', W) such that 

A = n,5'-^^ {tE{l,2}) 

(so P2— Pi = (^2 — '"■i)'^')- Assume ni < n2. Notice that for i E {1, 2} and r e7L, 

(3.15) R 3 (sp^s^JiP,) (by(AX4)) 

= {ui + 2r{n2 - ni))6' - 6 

{n2 + {2r - l){n2 - ni))6' - e if z = 1, 
(^2 + 2r(n2 - ni))6' -9 if i = 2. 
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Hence 



(3.16) {n2 + r{n2 - ni))6' - e e R for all r G Z. 

Let ris E Z+ and t G N be such that < < n2 — rii and n2 = t{n2 — rii) + n^. 
Assume ng = 0. By fl3:T6|) . {-9, (^2 - ni)5' - 9} C R. Hence, by ([32D (and 
(El), (^2 - ni)6' -9} C Notice t > 2 (since < rii < n2 and ns = 0). 

Since /32 = t((^2 — '"'1)5' — 6^) + (t — 1)6', we have P2 ^ H-^, contradiction. Assume 
71,3 > 0. Notice 2^3 < ^2 (since 2^3 < {n2 — rii) + < t{n2 — rii) + 713 = 77,2). 
Let = n36' - 9. By (13^61) . (5^ G R. By ([32D, (^z G Notice /52 - 2/^3 = 

S/33(/52) e R (by (AX4)). Then by ([32D, we have 

/32 - 2/53 = (^2 - 2^3)5' + G 

Since /?2 = (/32 — 2/^3) + 2/^3, we have /52 ^ H-^, contradiction. Hence |H-^| = / + 1, 
as desired. 

Stt'p 5 (H-^ is a base with ao = 6' — 9). Let ao be /? = m6' — 9 of ( 13.111) . Then 
H-^ = H' U {tto}; where we notice (13.91) and (13.141) . It is clear that the elements of 
H/ are linearly independent (cf. (13. 3p ). Hence, by (13.101) . H-^ is a base of R (cf. 
(^ ). Since ZH' © Z5' = ZH' © Zao (by (Q and (IXTOj) ). we have m = 1. 

S'fej* 6 (r/ie last claim holds). Let Hi = H' U {ao}- Let H2 be a base of 
i?. Define h e V* by h{f3) ■= 1 {(3 e H2). Then h{R) C Z \ {0}. By the 
same formula as in (I3.15p . we have \{{soSaoY{cio) ^ -^k ^ ^}l =00 (notice 
that (s0Sao)''(«o) e i? (by (AX4)) since se = sig and 9 e R U 2R (see fl332D 
and (13.41) )). Hence |-R| = 00, which implies \h{R)\ = 00. Hence, by (13. 5p . since 
\R'\ < 00 (-R' is an irreducible finite root system), we have h{6') 7^ 0. We may 
assume 

(3.17) h{S') > 

(otherwise, we replace H2 with — H2). Let 

m(Hi,H2) := |(/? H Z+Hi n Z^Ha) \ 2i?| 

= G (i?nZ+Hi) \2i?|/i(/5) < 0}|. 

Since ao = 6' — 9, we have R fl Z+Hi C R' + (cf. (13. 5p ). Hence, since 
\R'\ < 00, by (I3.17p . we have m(Hi,H2) < 00. 

We use induction on m(Hi,H2); if m(Hi,H2) = 0, then, by I^M>, i?nZ+Hi = 
R n Z_(_H2, so Hi = H2. Assume m(Hi, H2) > 0. Then there exists a G Hi such 
that a G Z_H2 (notice that R C Z_H2 U Z+H2). By (^M) (and ([OD), we see 

(3.18) SaiiR n Z+Hi) \ 2R) = {-a} U (((i? n Z+Hi) \ 2R) \ {a}). 
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Then we have 



m(ni,s„(n2)) 

= |(i?nz+ninz_sa(n2))\2/?| 

= |s^((/?nz+ni nz_s«(n2)) \2i?)| 

= I {sa{R n z+Hi) n z_n2) \ 2R\ 

= m{Ui, U2) - 1 (by (13381) since s„(a) = -a ^ Z.U2). 

Then, by the induction, we see that there exists w G Wu^ such that 1^(112) = Hi, 
as desired. 

Note that for any /3 G i? \ 2R, there exists a subset 11" of R with |n"| = / 
such that P G 11" and vr(n") is a base of 7i{R). Hence by the above argument, we 
have (13. 2p . This completes the proof. □ 

By (13.21) . we have 

R = Wu- (nu (2nni?)), 

(3.19) { mr\R 

Wu ■ ((2n \ R) u (ae3+z+ ^n) u ((Zi?)x \ (z+n u z_n)) 

3.2 Dynkin diagrams of afRne root systems 

Here we give the Dynkin diagrams for [R, H) of Theorem 13.11 We assume that if 
2ao G R, then 2ai G R for some ^ 7^ 0, see 74^^^(0,2/) below. We describe them 
in the same manner as in [H], Table 1-4]; especially, if 2ai ^ R (resp. 2ai G -R ), 
then the i-th dot is white (resp. black). The names of them are also the same as 
in [ni Table 1-4]. 

(i) The case of / = 1: 

"1 "0 
A^^ 0<=0 

«! ao Oil ao «! ao 

E(i)(0,l) C(2)(2) A(4)(0,2) 



(ii) The case of / = 2: 



A^'^ C^Ad o^O^O G^') 0^0 O 
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^2 ao tti "2 ao , "0 "1 "2 

Ar o^o^o o^o^o i^r^ o — o^o 

Ql a2 Clo <^2 cti '^o 

«! ^2 OiQ Ql tt2 tto 

(:7(2)(3) #^o^# ^('no,4) #^o=^o 



(iii) The case of / > 3: 



CKi a2 0(3 



(1) 



c(2)(/ + i) — o o^m 

ai OL2 OL-i OLl CKq 



^(4) (0,2/) 



0L\ OL2 0.3 



Oil ao 



't} 0^0 — o 0^0 

OL\ OL2 OL-i, OLi OLq 



A 



•^o — 

OL\ OL2 OLz 



Oil ao 



O 



Bf^ 0^0 — O 

CKi 0L2 ai^i ai 



A(2)(0,2/-l) O O 

Oil a2 Oii-i ai 




o — o — — o — o ^2^1 

Oil Oi2 tt3 a/i 



ai ai-i 



o 



oti 



o 



ai_2 "z-i 



O 



Clio 



o o — o 



a2 tti 
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aQ a\ a2 



O 



o — o — o — o 



"3 



-o — o 

a4 



-O 

"6 



o 



as 







o- 


-o- 


-o- 


-o- 


-o- 




-o- 














^2 




^4 










o- 












o- 


-o- 




=0- 


-o 




0^4 


as 


a2 










«2 


"3 


0^4 



4 Elliptic root systems 

In this section we assume i? is a reduced elliptic root system, that is, R fl 2R = 
and n = 2 (see (^). 

4.1 Fundamental-set of an elliptic root system 

Definition 4.1. {Fundamental- set U U {a}) We say that a subset 11 U {a} of Zi? 
is a fundamental-set of i? if it satisfies the axioms (FS1)-(FS2) below; we always 
let 

(4.1) Tfa-.V ^ V/Ra 
denote the canonical map. 

(FSl) a G (Zi?)° and there exists b G (Zi?)° such that {a,b} is a basis of 
(Zi?)°, i.e., (Zi?)° = Za©Z6. 

(FS2) |n| = Z + 1, n C -R and vra(n) is a base of the affine root system TTa{R)- 

Until end of this section, let nu{a} = {ao, ■ ■ ■ , ai}U{a} denote a fundamental- 
set of R. We assume n{{ai, . . . , ai}) is a base of 7r(_R). 
Let 5(n) G Zn be such that 

(4.2) 6{U) G Nn and Z5{U) = {ZUf. 

Then TTaiSiU)) = 6^11)) (see (^Ml for 5(vr,(n))). 

Let 5 = 5{U) be as in g^). By ([M]), fl2TT]) and (^M), for X G {Z,M}, we 
have 

r Xi? = e,,nu{a} XA = (e„,n\{.o} © ® 

(4.3) ^ (Xi?)0 = X5 © Xa, 

[ RC (X+n © Xa) U (X_n © Xa). 
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4.2 Maps k and g 

Lemma 4.1. (1) For any a E R, we have 

(4.4) (a + (Z \ {0})a) n i? ^ 0. 

(2) Let S be a non-empty proper connected subset of II. Let := M.S © Ma 
and := R H . Then {R^,V^) is a reduced affine root system (we have 
assumed R is reduced), and {7ia{R^),V/M.a) is an irreducible finite root system 
with the base na{S). In particular, ZR^ = ZS © Zfc^a for some kg G N. 

Proof. (1) By (14.31) . R cannot be included in III. Hence there exist fi E R 
and m \ {0} such that /i G ma + ZII. Since 7Ta{R) is an affine root system 
and 7ra(n) is a base of na{R), by the ffist equahty of (I3.19p . there exist 7 G 11, 
c G {1, 2} and w G Wu such that w{fi) = cj + ma. Notice that 

(4.5) R 3 SySc^^rnail) = Sy{'y — {c~^2){c'j + ma)) = 7 — 2c~^ma. 

(Hence ( 14.41) holds for this special 7.) Let A = 7 — 2c^^ma. For j3 E R, we have 

(4.6) R 3 s^sxiP) = s^ip - (7^, p)X) =p+ (7^, (3) ■ 2c-'ma. 

By (AX5) and (14.31) . by repetition of equations similar to (14.61) . we see that (14.41) 
holds for any a E R. 

(2) This follows from (1) and (iJl). □ 

By Lemma 14.11 (2), for each a G H, R^"'^ is a rank-one reduced affine root 
system and {7ra{a)} is a base of a rank-one irreducible finite root system na{R^°'^). 
By Theorem 13.11 we can define maps 

(4.7) A; : H ^ N and ^ : H ^ {0,2Z+ 1} 
by 

(4.8) Rn{Ra®Ra)= [j {{ea + Zk{a)a) U {2ea + g{a)k{a)a)) 

(a G H) ( see also M l 

Since TTa{R) \ 2TTa{R) = W-„^(Yi) ■ 7ra(n) (see Theorem 13.11) . we have 

(4.9) ^= U i[jiiw{a) + Zk{a)a)U{w{2a) + g{a)k{a)a))). 

w&Wn «en 

Since R is determined hj U, k and g, 

(4.10) we also denote R by R(Jl, k, g). 
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Let a G n. Let a* 
where 



—aQ{R^°'^^{a]^—k{a)a). Then a* = c{a)a + k{a)a, 



(4.11) 

Let 
have 

(4.12) 



c(a) 



if g{a 
if g{a 



{a,a*\a E U}. Then 



2Z + 1. 

2|n| = 2{l + 1). By ThereomEU we 



R = Wb.- B+ and W = Wb 



(We have assumed that R is reduced). 

Assume / > 2 (see (K7\\ ). Let a, /3 G LE be such that (/?^,a) = -1. Let 
7 = ao{R^°''^\ {a, P} , —k{a)a) . By Lemma |4?T] (2) and Theorem 13. H we have 
g{P) = 0, k{a,f3} = k{a) and see that {{P"^ ,a), k{P)/k{a), g{a)) for the rank-two 
reduced affine root system R^"''^^ with a base {a,/5,7} is one of the following. 



(4.13) 



1,1,0) 


so 


R{a,l3} 


is 


^2^'', and 7 = 


-Sa(/5*), 


2,1,0) 


so 




is 


\ and 7 = 


-Sa(r), 


3,1,0) 


so 




is 


\ and 7 = 


-s^s„(/3*). 


2,2,0) 


so 




is 


Df \ and 7 = 


-S/3(a*), 


3,3,0) 


so 




is 


Df\ and 7 = 


-SaS/3(a*), 


2, 1,2Z+ 1) 


so 


R{^,P} 


is 


(2) 

A\ , and 7 = 





4.3 List of (n, A;, 5/) 



Theorem 4.1. Let R = R{Il,k,g) be as in (g]T^. 

(1) Assume I = 1. Let {ai,ao} = U and assume that {7r(a;i)} is a base of 
7r(i?) and that k{ai) < k{ao) «/{7r(ao)} is also a base ofir^R). Then k{ai) = 1 
and ((oq , tti), fc(ao), 5'(«o), 5'(tti)) is exactly one of the following s: 

.0), 

2Z + 1), (-2, 1, 2Z + 1,0), (-2, 1, 2Z + 1, 2Z + 1), 
,0), (-2,2,2Z + 1,0), 

, 0), (-1, 1, 0, 2Z + 1), (-1, 2, 0, 0), (-1, 2, 0, 2Z + 1), 
J). 



(4.14) 



-2,1, 
-2,1,.,. 
-2,2,., 

-1,1, v., 

-1,4,., 



(2) Assume I > 2. Then there exists R{Il,k,g) such that {Wu ■ 11, RLE) is a 
rank-l reduced affine root system of any type with a base U and : 11 — > N and 
g : U ^ {0, 2Z + 1} are any maps satisfying the condition that 1 G A;(n) and 
{{a"^ , P), k{P)/k{a), g{a)) is the same as one of fl4. 131) for any a, P E H with 
(/3^«) = -l. 

The statements of this theorem is well-known and, however, some of -R(n, k, g)^s 
are isomorphic (see [13, (6.6)] and [1, Lists 4.6, 4.25, 4.67, 4.78]). For the case 
/ > 2, which of them are isomorphic can be read off from the statement of The- 
orem [6]TJ 
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5 Elliptic Lie algebras with rank > 2 

In this section we assume i? is a reduced elliptic root system with rank > 2, that 
is, i? n 2i? = 0, n = 2 and / > 2 (see (EZD). We have assumed the rank / > 2 
mainly because we use the fact (I5.6P below. We fix a fundamental-set 11 U {a} of 
R. 

5.1 Useful lemma 

The following lemma is useful. 

Lemma 5.1. Let V be a 2- dimensional C-linear space having a non-degenerate 
symmetric bilinear form ( , ) : V x V' ^ C. Let 71, 72 G (V)^. Let a be a 
Lie algebra over C generated by (7 G V), Ei, E2, Fi, F2 and satisfying the 
equations h^y^^'y = xh^ + x'hy , [h^,hy] = 0, [h^,Ei] = {■y,'yi)Ei, [h^,Fi] = 
-(7, 7i)-Fi, and [Ei, Fi] = dtjh^y , for x, x' G C, 7, 7' G V , and i G {1, 2}. 

(1) For k eN, we have 

[ad(Ei)'=(^2),ad(Fi)'=(F2)] 
^ ' = fc!(nt=i((7r,72) +m))(M7i,72")V + (71", 72)/^,v). 

(2) Let m := (7^^, 72). Assume m G Z_. Assume that h^^ ^^^^ linearly 
independent. Assume a.d{Eiy {E2) = ad(Fi)''(F2) = for some r G N. Let 

(5.2) n = n{Ei, Fi) := exp(ad^i) exp(— adFi) exp(ad^i). 

Then we have 

ad(^i)i-"^(^2) = adjFi)!-'"]^) = 0, 
n(/i^) = - (7i,7)/i^v, n{Ei) = -Ei, n{Fi) = -Fi, 

n((adEi)*^2) = ^E^{e.dE^y^-^E2 ^ 0, 

n((adFi)^F2) = ^(^^^ (adFi)— 'F2 ^ 0, 

m and 7 G V. 

We can get fl5.ll) directly and get (15. 3p by using a representation theory of SI2. 

5.2 Definition of elliptic Lie algebras with rank > 2 

Let A := {(a,/5) G H x H | (a, = -1}. Let i3 := S+ U (-i3+), and E'^^' : = 
{{\i,v) e B X B\fi u -/i}. For G S^'', let a;^,,, = 1 - ((yU^,z/) - 

K//"^, z/)|)/2. Let V*^ = C (8>K V, so V"' is a / + 2-dimensional C-linear space. 
We identify V with the M-linear subspace 1 V of V^. We say that a map 
: ^ ^ is a tuning if u{a, P)u{P,a) = 1 whenever (a^,/5) = —1. Denote 
uji by the tuning with u!i{a, P) = I for all (a, /?) G and moreover, if Wu ■ H is 



(5.3) 



for < i < 
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A\^\ then for q G C^, denote Uq by the tuning with = 1 (0 < z < Z) 

and uj{ai, a^) = q, where the numbering of the elements of 11 is the same as that 
of the Dynkin diagram of A\^^ in Subsection I3.2[ 

Definition 5.1. Let q'^ = q{II, k, g,uj) be the Lie algebra over C defined by 
generators: 

and relations: 



c 



A, 



(SRI) xha + yhr = h^a+yr if x, 7/ G C and a, T eV 

(SR2) [K,hr] = Oifa,T eV^, 

(SR3) [h^, E^] = {a, fi)E^ if a G and /i G i3, 

(SR4) [E^,E_^] = h^v if /iGi3+, 

(SR5) ladE^Y^'-^E^ = if (/i, z/) G B^'', 

HP) I \ Hfi) 

(SR6) c(a)(adE„*)^^/3 = /3)(adE„)'^"^^ V if G A, 

(SR7) (-l)^(-)+ic(a)(adE_,.)^^-/3 = ;^(adE_J^(")^E_^. if G 

(SR8) (adE„)^(adK0^~'^/3 = if (a, /?) G ^ and 1 < i < |g - 1, 

'=('3) ■ ila\ 

(SR9) (adE_„)*(adE_„.)^~'^-/3 = if (a, /3) G ^ and 1 < i < gg - 1. 
We call g(n, /c, (7, lS) an elliptic Lie algebra, see Introduction. Let g = 0(11, k, g) :- 

We have 

Lemma 5.2. // Wn ■ n is not Ap-* (resp. is A^j^^ ), then there is an isomorphism 
Lf from 0'^ to (resp. to 0'^'? for some q E C^j such that ^p{h„) = {a E V^) 
and ip{E^) E C^E^ (/i G 

Proof. Using (15.11) . we can modify (SR6-7) by taking non-zero scalar products 
of E^'s. □ 

Let t)'^ = i)'^{U,k,g,iu) := {h^ E 0'^|(T G V^}, and f) = f)(n, k,g) := f)-i. 

Since all equations in (SRl-9) are Zi?-homogeneous, where R = R(JI,k,g), 
we can regard 0'^ as the Z_R-graded Lie algebra 0"^ = (Ba&ZRQa (that is [0^, 0^,] C 
0^_^^,) such that Ef, E q'^ for all fi E B. Note f)'^ C 0o. For each fi E B+, 
we can define to be n{E^, E_^) (see (15.21) ) as an automorphism of 0'^, so 
^m(s^) = = {a e dim0^ ^ 0}. Then we have 

(5.4) Wb+ ■ 7^" = TT. 

Let S a non-empty proper connected subset of 11. Let 0'^''^ be the Lie algebra over 
C defined by the generators (cr g CS© Ca), E±a, E±a' (« € S) and the same 
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relations as those in (SRl-9). Let l^'^ : g"^'"^ be the homomorphism sending 

the generators to those denoted by the same symbols. Let g^'"^ = ('-'^''^)~"'^(0ct) 
for a e ZR^, so g"'^ = ©^gzijsfl"'^- Let g^ = g^^'^, and gf = g^^'^. Let 
7^'^'■5 = {ae ZR^\ dimg^'^ ^ 0}. 

Let a e n. Then g^'^"> = g{">, since g'^'{"> is defined by using (SRl-5). By 
Serre's relations (SRl-5), (the derived algebra of) an affine Lie algebra 

with 7^'^•{"} = U Zk{a)a, where the affine root system is A^^^ or A^^\ 
Hence dim go'^"^ = 2, and dim gl^;-^"^ = 1 (A G 7^"'^"^ \ {0}). Note 7^'^•^"> \ {0} = 
UZ^A;(a)a. 

Lemma 5.3. There is a homomorphism from to a Lie algebra b'^ such 
that dimx'^(f)'") = 1 + 2, ^im.x'^{i'^'^'^^{Qx)) = 1 M all a e U and all X G 

a 

(If u; = cui, then b'^ is given as an 'affinization' a®C[t, ©Cc of (the derived 
algebra of) an affine Lie algebra a, see [T2i Proposition 3.1].) 

Proof. If (jj = uJi, then we can define x = X"^^ ^ way entirely similar to that 
of fi9[ Proposition 3.1], inspired by so-called an 'unfolding process' of a Dynkin 
diagram of a reduced affine root system, and we see by checking each case directly 
that such X has the property (15. 5p . The existence of a x'^'' is well-known (see [6]). 
Then this lemma follows from Lemma 15.21 □ 

For each a G H, let [i?^">]+ := i?{">n(Na+ZA;(a)a), and [i?^">]- := -[i?^°>] + . 
Note that = [i?{">]+ U [R^"^~. 

Lemma 5.4. For each {a,f3) G 

(the derived algebra of) an affine Lie algebra 
with the affine root system R^°''f^\ 

which implies T^.'^'l'^'^i = Ri^^'P} \j'Zk{a)a. In particular, for each {a', /?') G 11 x 11 
with a' 7^ P' , we have 

(5.7) r^'^'^(0A'^°'^^^'^"'^(0;i'^"'^)] = o 

for all (A,/i) G ([i?^°'>]+ X [R^C^]-) U ([i?^°'>]- x [R^^'}]+). 

Proof. Note first that ha, hp and /iq are linearly independent in g'^'i"'^}, 
which follows from Lemma 15. 3[ Let 7 G i?^"'^^ be as in (14.131) . If 7 is ex- 
pressed as — s^-^ . . . ^(7*) in (I4.13P with 7^ G {a, (3}, then we let : = 
n^,... n^^_,{E^^.) G g±f '^^ Let 7r+i G {«, /9} \ {ir}- By (SR6-7) and we 
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have ^±7; (-E'±7r+i) = ^±'yr{E±X+i)- Hence q'^'^'^'I^j is generated by E±a, E±p and 
E±^. We show 

(5.8) [^±.,^^7] = [E±p,E^^] = Q. 

If i?'f"''^j' ^ A^^\ we have this in the same way as in §2.3]. Assume i?^"'^^ = 
Af. We write X ~ F if X G C^F. By O and (SR6), 

(5.9) E., ~ [E^, [E^, E^,]] ~ [E^, [E,, [E,, Ep*]]] 

Then [^/3,S-7] = follows from (SR5). We have 

[E_,,E^] ~ [[Ep,[E^,[E^,Ep,]]lE^] (by O) 
~ [[Ep,E^l[E^,[E^,Ep,]]]] (by(SR5)) 
~ (by(SR6)) 
~ np{[E^,[Ep,E^.]]) (byO) 
~ n^([E„,[E„,[E«,E^.]]]) (by(SR6)) 
= (by(SR5)). 

The remaining equalities of (15.81) can be shown similarly. Hence by (15. 3p and 
(SR5), the above generators satisfy Serre's relations. Hence (15. 6 p holds, as de- 
sired. □ 

For i e N, let (n'^'±)(') be the C-linear subspaces of defined by (n'^'=^)(^) : = 
©aeneAelRWiii'-^^KflA'^"^) (see LemmelEl, and (n^'±)» := [(n'"'±)(i), (n'^'±) 
inductively for i > 2. Let n'^'^ be the two Lie subalgebras of g'^ defined by n*^'^ := 
E^=i(n"'^)(*). Let = 0^ n n'^'±. Then n^'^ = ©.g(z±n©Za)\Za<'^. For each 
a e n, since t'^'^"'^ is a Lie algebra homomorphism (preserving ZH © Za-grading) , 
we have n^^'^ = n;^'± n (n'^'±)(i) = i'^'^^'^g'"/'"^) for all /i G (Z±a © Za) \ Za. 
Moreover, by (15. 7p . we have 

(5.10) [(n"'+)('\ (n"'-)(^)] C (n"'+)(i) + (n"'-)(^) + I] I] ,..,W(g^,W)_ 
Hence by Lemma 15.31 and (15. 6p , we have 

(5.11) 0" = r ©n"'+©n"-©(0 i"'^"^(0^'^">)), 

diml)'^ = / + 2, and dimn;;;'* = dimi^'^">(0^'^"^) = 1 for a e H, A G and 

a G Z^A;(a)a. By ([319]), we have 

(5.12) 

{ZRY\R 

= Wn ■ (Uaen(Na ® \ [^^°^]+) U ((Zi?)^ \ (Z+H U Z_H) © Za). 
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Then by (15. 4p . using a standard argument as in [10], [18], together with the 
automorphisms {fi E we have 

Theorem 5.1. We have [VJ^Y = R, dimg^^ = 1 (/i e R), = f)^, dimf)'^ = 

/ + 2, {VJ^f C Z5 © Za, anc? dimg^^ = \{a E U\m E Zk{a)}\ (m E Z^). 

By the following theorem, we can compute dimg^ for A G Z(5 © Za. 

Theorem 5.2. Lei n'U{a'} be a fundamental- set of R. Then there exist a tuning 

71 for U' U {a'} and an isomorphism f : 0(11', k', g', rf) g"^ such that f{Qx) ~ 0a 
for all A e Zn © Za, where g''"^ := g(n', k', g', rf). In particular, we have 

(5.13) dimg;;^, = \{a' E n'|m E Zk'{a')}\ for m E Z"" . 

Proof Let B+' = {a',{a'y\a E U'} and B' = B+ U -B+' . By (SRl-9), 
Theorem 15.11 and (15.31) . for some ?7, we have a homomorphism / of the statement 
such that fidp) = gj^/ for all /i' E B'. Since g'''' is generated by g^7 (/i' G B'), we 
have /(g^") C g^ for all A G Zi? = ZH' © Za'. Since R = Wq^' ■ B+ by fgA2|) . 
using n{E^,,E_^,) E Aut(g'''') (/x' G i3'), by TheoremEU we have /(g^) = g^ for 
all 13 eR. Since E /(g'-'') for all G i3, we have /(g'-'?) = g^, so /(g^") = g;^ 
for all A G Zi?. By the same argument, for some tuning uj' for 11 U {a}, we have 
an epimorphism /' : g"^' = q{J1, k , g , uo') — > g'-'' such that f'{Qx') = d'x 
A G Zi?. Hence dimg;^' > dimg;^ for all ZR, so (7^'^)° C (7^"'')°. Assume that 
Wn ■ n is not A\^\ By Lemma [5.21 we have dimg|^' = dimgA = dimg^ for all 
A G ZR, so (7^'^)° = (7^'^')°. Hence / o /' is an isomorphism, so is /. Assume 
that Wn-n is A[^\ Assume (p : g(H, k,g,ujq-^) — > g(H, k,g,ujq2) is an epimorphism 
such that ip{QiJl,k, g,ujq^)\) = g(H, /c, ^f, cu^Ja for all A G ZR. For 7 G iS^, let 

G be such that ^{E^) = c^E^ {E^ 7^ by Lemma 15. 3p . For a G H, 
let da = Ca/ca*- By (SR6), we have u!q^{a,P) = ujq^{a, [3)da/ dp (the element of 
(SR6) is not zero by Lemma [531 and (15.11) ). Hence da^ = dai+^ for < i < /. 
Since ujq.^{ai,aQ) = ti;qj(a;, Oq), we have qi = g2- Then by the same argument as 
above, we conclude that / is an isomorphism. 

The last statement follows from Theorem 15. 1[ □ 

6 List of dim QmS+ra 

In this section we use the notation as follows. For a Z- module X, r G Z and 
X, y E X, let x =r y means x — y E rX. Recall that / = |H| — 1 > 2, and 
see Subsection 13.21 for the numbering of the elements Oi {0 < i < I) of H. Let 
6 = 5(H). Fix 71 G Hsh\{ao}- Fix 72 G Hig\{ao} if i?ig ^ 0. Let M := Z5©Za. 
We also denote m6 + ra E M with m, r G Z by ['J^j . Let R = R(Il, k, g) be as in 
(I4.10p . Let Lsh, and Lex be the subsets of M such that 71 + Lsh = -Rfl (71 + M), 

72 + Lig = i? n (72 + M) (if i?ig ^ 0), and 271 + L,^ = R f\ (271 + M) (if 
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-Rex 7^ 0)- Let n' := n \ {ao}, so vr(n') is a base of 7r(i?). By Lemma [2.11 we 
have /2sh = Ww ■ 7i + Lsh, Rig = Ww ■ 72 + -^^ig and i?ex = Ww ■ 271 + L^y,. Let 
0- :=0(n, k,g,uj),andQ:=Q^\ 

Remark 6.1. (Due to Kaiming Zhao) Here we would hke to mention that a map 
from M to {0, 1, . . . , t — 1} which is periodic modulo t on any line in M is not 
necessarily meant to be periodic modulo tM. This indicates that we have to be 
very careful when calculating dimg^^,,,^^ because (15.131) does not immediately 
imply that dimQ'^g_^_^^ is periodic, although we finally see that this is true. 

Let / : M ^ Z+ be a map such that mZ + rZ = f{["^])Z, where /(["]) 
is a g.c.d. of m and r if [^] ^ [J]. By definition, /(/.[^f) = h ■ f{[^]) for 
3X\ h e Z and all G M. Let t G N be such that t > 2. Define the map 
/, : M ^ {0,l,...';t-l} by /,(["]) /([™]). Then f,[[h,t + h,)[^]) = 
Mh2 [7] ) for all hi G Z, all /la G {0, 1, . . . , t - 1} and all ["] G M. Now assume 
that i= 25 and [™] = p. Then = 40 and /(['";*]) = 5. Hence 

= 15 ^ 5 = /t([Tl), as desired. 

Now we have the following theorem. 

Theorem 6.1. Assume = Q if Wn ■ H is not A^j^^ (see Lemma \5.2\] . Then 
dimg^ with a E M \ {0} are listed below. 

(1) Assume that Wjj-^ is X^^^ with X = A, . . . ,G, and k{a) = 1 and g{a) = 
for all a G H, so Lsh = M, i?ex = 0, and Lig = M if Rx^^i (so X = B,C,F or 
G). Then we have dimg^ = / + 1 for all a e M \ {0}. 

(2) Assume Wn-U is x[^'^ with X = B,C,F orG. Let r = (72, 72)/(7i, 7i)- 
Assume that k{a) = (a, a)/(7i, 71) and g{a) = for all a G H, so Lsh = M, 
Lig = ZSQ)Zra, and -Rgx = 0- Then we have dimgo-i =1 + 1 for all a\ G L\^ \ {0}, 
and dim 00-2 = |Hsh| for all (T2 G M \ Lig. (This R is isomorphic to -R(Hi, ki,gi) 
for which Wu^ ■ Hi is -D^+j^, ^21-1 > -^6 (i = 4:) , or (1 = 2) respectively, and 
ki{a) = 1, gi{a) = ij) (a e U).) 

(3) Assume Wn ■ U is 0^%, = or of (1 = 2). Let r = 
(72, 72) /(71, 7i) ■ Assume that k{a) = {a, a) / (71, 71) and g{a) = for all « G H, 
so Lsh = M, Lig = tM, and i?ex = 0- Then we have dimgo-i = / + 1 for all 
cTi G Lig \ {0}, and dimg^-j = |Hsh| for all (72 G M \ rM. 

(4) Assume Wu ■ U is Df^-^, and k{ao) = 2, k{ai) = 1, k{f3) = 2 (f3 e UiJ, 
g[a) = % (a e Yi), so Lsh = {0, 5, a} + M, Lig = 2M , and i?ex = 0- Then we 
have dim = / + 1 for all ai G 2M \ {0}, and dim = 1 for all 02 E M\ 2M . 

(5) Assume Wn ■ H is D\j^-^, and k{aQ) = 2, giao) = 2Z + 1, k{ai) = 1, 
g{ai) = 0, k{P) = 2, g{(3) = ^ (13 e hJ, so Lsh = {0, 5, a} + M, Lig = 2M and 
|Lex = 5 + a + 2M . Then we have dimgo-^ =1 + 1 for all ai G 2M \ {0}, and 

dim go2 = 1 for all a2 e M \ 2M. 

(2) 

(6) Assume Wu ■ H is Di_^;^, and k{ao) = 2, gia^) = 2Z + 1, k{ai) = 1, 
g{ai) = 2Z+l, k{l3) = I, g{P) = (/? G Higj, so Lsh = M, Lig = {0, a} + 2M , 
and Lex = a + 2M . Then we have dimg^-^ =1 + 1 for all (Xi G Lig \ {0}, and 
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dim 00-2 = 1 for all cr2 G M\L\^. (This R is isomorphic to -R(n2, ^2, 92) for which 
Wn, ■ Ha IS 4?, and ^2(0) = I, g^^a) = ^ (a e H,^), h^P) = 2, (72 = 

(p e u Hex;.; 

(7) Assume Wu-U ^s and k{a) = 1 (aeU), g{ai) = 2Z+1, g{0) = 
(P E Ilig U Ilexy', so = = M , and Lex = {5, ^ + ci, a} + 2M. Then we have 
dirng^ = Z + 1 for all a e M \ {0}. 

(8) Assume Wu ■ U is b\^\ and k{a) = 1 (aeU), g{ai) = 2Z + 1, g{(3) = 

(P E UiJ, so Lsh = Lig = M, and Lex = a + 2M. Let M' = {0, a} + 2M. Then 

we have dimflo-i = ^ + 1 for all ai G M'\{0}, and dim0o-2 = 1 for all 02 G M\M' . 

(2^ 

(This R is isomorphic to -R(n3, ^3, g^) for which Wji^ ■ lis is ^2/' and k^{a) = 1, 
g^(a) = r« G n,h U UJ, ksiP) = 2, g^iP) = (J) (P E U,J.) 

(9) Assume Wji ■ H is A21 , and k{a) = 1, g{a) = ^ (a E II), so Lgh = 
Lig = M, and Lex = {a, 5 + a} + 2M . Then we have dimgo-j = / + 1 for all 
o"i G M' \ (Lex U {0}), and dimgo-j = 1 for all 02 E Lex- (This R is isomorphic 
to i?(n4, A;4, (74) for which Wxi^ ■ 114 is , and ^4(0:1) = 1, (74(0:1) = 2Z + 1, 
A;4(ao) = 2, g^{a^) = 0, fc4(/5) = 1, g^iP) = ^ (P E UJ.) 

(10) Assume Wn-U is dI%, and k{a) = 1 (aEU), g{ao) = 2Z + 1, g{p) = ill 
(P E HigU {ai};. Then 

(6.1) Lsh = M, Lig = {0, a} + 2M and Lex = {2S + a,25 + 3a} + AM, 
and we have 

r l + l ifp^^Oand [l\ ^ Q, 

1- I 1 if P =2 ^, 

(6.2) dimg,,^..= ^ 2 and . ^2 0, 

[ / + 1 if p =42 and z =2 l■ 
(This R is isomorphic to R{Il5,k^, g^) for which Wu^-Tib is A^^i' > ^{'^) = (c^; ct)/(7i) 7i); 
(75(a) = fa G Higj.; 

(At this moment, we do not see why dimg^^+j.^ are periodic modulo tM for 
some t eN. Maybe one of reasons is that g may be reahzed as a 'fixed point' Lie 
algebra, see also [3], [20].) 

Proof. We only prove (10), since (l)-(9) are similarly treated. 
Assume (ai, ai) = 1. Define G V (1 < i < /) by ei := ai and Ej := aj + ej-i 
{2 < i <l). Then (e^, Sj) = 6ij, and ao = 6 — ei. Moreover, we have 

Wu- ai = Ue6{_i,i},i<i<ie£:i + 2Z6, 

(6.3) Wu-ar = Uei,e2e{-i,i},i<i<j<iei^i + (^2£j + 2Z5 (2 < r < /), 
Wu-ao = Uee{-i,i},i<i<ie£:i + (2Z + 1)5. 
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Then by (14. 9p . we have 

R = Ue6{-i,i},i<i<ie£i + 2Z5 + Za 

U ^6i,e2e{-i,i},i<i<j<i ^i^i + ^2£j + + Z2a 
U U,e{-i,i},i<i</ e^i + (2Z + 1)5 + Za 
(6.4) U U,e{_i,i|,i<i<i 2(e£i + (2Z + 1)5) + (2Z + l)a 

= ^ee{-l,l},l<i<l'^^i + M 

U ^ei,€2e{~l,l},l<i<j<l ^l^i + ^2^3 + 2M 

U U,6{_i,i},i<i<z e25, + (4Z + 2)5 + (2Z + l)a. 

Hence we have (16. ip . as desired. 

Let n'U{a'} be a fundamental-set of R. Let 5' := 5(n'), so {5', a'} is a Z-basis 
of M. 

Assume a' =4 a = ['j'] . Then 5' =4 5 = [J] , where we replace 11' with —11' if 
necessary. Let 5" = 5' — ya'. Then {5", a'} is a Z-basis of M. Since 5" =4 5 = 
[J] =2 5= [J] , we have Ljg = {0, a'} + 2M and Lex = {25" + a', 25" + 3a'} + AM. 
Hence we have the root system isomorphism /i : Mi? — > Ri? (cf. (12. 4p ) such that 
fi{Q.j) = aj (1 < j < /), /i(5) = 5" and /i(a) = a'. Then by Theorem [5?2l we 
have dim Qma' = / + 1 for m G Z^ . 

Assume a' =4 5 = [q] . Let R5 = i?(H5, ^5, (75) be as in the statement. Let 
0' := ^(Hs, k^^g^). Define the M-hnear isometry /2 : M-R5 Mi? by /2(aj) = ctj 
(1 < J < 0, /2(5) = 25-a and /2(a) = 5. Note that /2(i:sh) = /2(M) = M = L,h, 
/2(iig) = /2({0, 5} + 2M) = and /2(i.ex)_= /2({5, 35} + 4M) = iLig. Hence h 
is a root system isomorphism. Let a" := f2^{a'). Then a" =4 a. By the same 
argument as above, as for dimg^^,,, we have the same equalities as in (16. Sp below. 
Then Theorem 15.21 imphes that 

{I + 1 if m 7^ and m =4 0, 
1 if m =2 1, 
/ if m =4 2. 

For other a"s, we can utilize the root system isomorphisms fi : Zi? — Zi? 
(3 < 2 < 5) defined by fi{aj) = aj for all I < j < I, and /3([o]) = M ' 

/3(H) = H. = a. /.(B) = /=([;]) = H. fm = a. Let 

i?6 = i?(H6, k^jQe) be such that Wug ■ He is D]^^, kgi^ai) = 1 for 1 < i < /, and 
5'6(«o) = 0, 5'6(«i) = 2Z + 1 and ge{aj) = for 2 < j < / — 1. Then we can 
also use the root system isomorphism /g : Zi?6 — > Zi? defined by f&{oij) = aj 
(1 < J < 0, /6(^) = 5 and /6(a) = 25 + a. 
Finally we have 

Case-1. If a' =4 ['j'] , [3] , or [3] , then we have dimg^a' = / + 1 for m G Z^. 
Case-2. If a' =4 [J], g], g], [J], g] , g] , g] or g] , then the same as 
holds. 
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Let \ = p5 + za = = ma' with p, z Z and m G Z^. Let = a', so 
+ = Z. 

Assume that p =4 0. If x =2 1, then m =4 0, so dimgA = / + 1. If x =2 0, 
then y =2 1, so Case-1 implies dim^A = 1 + 1- 

Assume that p =4 2 and z =2 0. If x =2 0, then y =2 1, so m =2 0, so p =4 0, 
contradiction. Hence x =2 1, so m =4 2, so Case-2 implies dimg^ = ^• 

Assume that p =4 2 and z =2 1. Then m =2 1? y =2 1 and x =2 0, so Case-1 
implies dimg^ = / + 1- 

Assume that p =2 I. Then m =2 1 and x =2 1, so Case-2 implies dimgA = 1. 

Thus we have f l6.2p . as desired. This completes the proof. □ 
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